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v SITOWPY 

Wg   *m*mi4mm ih»   proM^a of ietenBlnlng an  optimal   testing 
C»!' 

policy vher* we eloiul tanecuely gal re and  learrc for tn« case 

where  tha  o\jt~<m*  of one  choice   la Known and   the  other Is 

su bject  to a  known k priori  distribution^ A, 

Resulta of Johnson and Kariln,   P—326,  are obtained   In a 

different  way and extended.     The »etboda uaed  are  appli- 

cable  to awre  general  processes. / 
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A   PWOBLCT   IN  TH£ SEQUEKTUL Dg3IQN  OF EXPEPIWtWTS 

Ricnard  bellman 

^1.     Introduction 

In two llttle-*<nowr papers «rrltten  In 1933 »rvd  1935,   [l<] . 

[15J »  W. P.  Ttioappon  propoted  th«  problem   »f 4et#nnlnlag on  the 

basis  of Sequential  analysis  which of two dnags  were   nupericr. 

The problea Is a dlfflcuU one,  and Thompson concentrated his 

efforts on the oo«putatlon of ahe effects of a plausible poll??, 

and  on a Monte Carlo detenslnation of the outcotw». 

A proble« In the  sasM general area was discussed   by 

Naha?.anobls,   [ll] ,   [12],  In connection with s sampling sunrey of 

the aeraage under jute  In Bengal. 

An Interesting exposition  of  the  general  problem   Is given by 

Bobbins,   [13]»  where  further references «ay be  found.     The  connec- 

tion with the Wald   theory of  sequential  analysis  is  discussed,  snd 

further probleas  In  this  field are presented. 

The problem Is  also  In the general   field  of "learning  pro- 

cesae»", where we smist determine  the  structure of a process  while 

carrying on an experiment,  cf  [8 ] ,   [lo] ,   [13] , 

9    We confess that  we  found these  papers  in tne  standard   fashior, 

naaiely while  thumbing through a  Journal  containing another paper 

of   Interest. 
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In  a  rrcsnt   p«p«r#   Lf0 •   >'0^n*rn en^  r>rlln  cc^flderrd   a 

particular  verflon  of  the  Thora^^jn  ».rofc.^B,  e^aentlally th#  case 

wh^re one  drug  has known  propertler  and   the   other unknown,   and 

derived   a  number  of   Interesting  result;:  concerning  the   ctructure 

of an  optimal  policy. 

In   tnla   pap^r,   we   :n'*il   CüT..l'ler  their  ^robie« jnd  an   analogous 

{.rcbl^T.   by  rwjan-   of a   il suasion   of  the   functional   equation  derived 

from   tn#  process.     Ublr.g   technique»  we nave  employed   In various 

parti:   :f  the   theory  of dynaalc   programnlng,   [l] ,   [2J ,   [*♦] ,   [?] , 

we   snail   deterwlr.e  th^   itructure   of the   optimal   policy and   complete 

tn^  Johneon-Äarlln  results   In  an essential  detail. 

In §2   we  pre:ent   a   precise   formulation   of  the   prob-iem  we 

treat here.      In >> we  derive   the   basic   functional   equation,   with 

properties   of the   solution,   existence,  uniqueness  and   rucces^lv* 

approximations  discus: ^d   In ßk.     The  next   fectlor.   contains  a 

statement  of  the   result?   we   obtain  concerning  the   ctructure  of 

tne  optimal   policy.     In f6  we   present  a  pnof  of  there  results. 

Finally   In fl  we  dlscust-   the  numerical  computation   of the   solution 

ba^ed  upon   succe£!-lve   appruila^tlon?. 

Tne metnods   we employ  are  aptllcable   to more  general   ^rocesaep, 

an  we  shall   show   In  further papers. 

§2.     Formulatlor.   of  th^   Problem 

L*t  u«    a?'ume  that   we   have   two nachlne:.,   unimaginatively 

called   I   and   II,   with  the   following propertle   .      If machine   1   Is 

used,   there   la   a   probability   - of   reetlvlng  a   gain   of one  unit. 
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and • probability  1-r of receiving nothing.     If aachln«  II  Is 

used,   there   la a corresponding probability of a. 

Unfortunately these  probabilities tre  not Known.     We do, 

however,  poeaese an a priori  probability distribution  for their 

valuea,  F(r,s). 

We Bay now  consider either a  finit«  sequence  of choices  where 

we have n  trials,   or an unbounded  process with a discount  factor   a 

f«r the value  of a unit  received  one  trlsl  away.     The  infinite 

process  is  simpler analytically  aince  it possesses  an  invariant 

aspect  over  time.     Our methods  are equally applicable  to both 

types of processes. 

The problem  Is now to determine  the sequence   of  choices  which 

maximizes  the  total expected  return.     This  sequence   is  in general 

ftTthatttr since  the choice  after any  finite  number of choices  will 

depend upon  the  outcomes  of the  preceding choices. 

In thla  paper,  we ahall  consider only  the  simple  case where 

r and  a are  uncorrelated,  and  even   further we   shall   sssume  that 

a  la known.     Let P(r)  be  the distribution  function  for r in 

[0,1]. 

/).    The Basic   Functional   Equati on 

We  ahall   utilize an analytic  approach based  upon  a  functional 

equation associated  with  the   problem.     Let  us  define 
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(1)     f    ^(B)  • expected   return  obtained  using an  optimal   policy 
Bi f n 

for an  unbounded  procee?   after the  first machine 

has  had  m   nucceeses and  n   failures. 

Our  fundamental   assumption  Is  the  usual   one  that   the  new 

2  priori   distribution   function after m  succesaeh  and  n  failures 

on  the   first   (unknown)   machine   Is   jlven   by 

i/;
1rB(l-r)ndP(r) 

On   the   basis  of  this   assumption,   an enumeration  of outcomes 

yields   the   relation.   If   the   first raachlne   la   chosen, 

'/o'o-D^^lr)   [.f.(n+1(.)]. 

On   the   other hand.   If  the   second   (known)   machine   if   chosen, 

we   have 

(A)      f        (s)   -  i  ♦  af        (s) x   '        m,nx    ' in,n 

-  V(l-a). 

Hence   we  obtain   the   fundamental   recurrence   relation 

(5)     f    n(s)  - ^ax m f n 

Ill 8/(1-«). 

a   typical   functional   equation   In tne  theory  of dynaml'   pr^graflÄlng. 
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L*t  us now introduc«   so«*  siaplirylnc notation.    Writ* 

(6) f,#n(») • t{;n), 

Than  (5)   takos th«  simpler  fom 

(7) f(».n)  - PUx I:        t{mtn)   [ 1  ^ af(»*l,n) ]   ♦ §(!-*(■,n)r(a,n+l)) 

II:     •/(!-•) 

for ».n  >  0. 

Let us not« that 0 < a»  s < 1, and that 0 < b(a,n) < 1  for 

■,n > 0. 

/*.    Ixiaf nca and Uniguanaaa of Solution 

Sine« our anal/sls of tha  structur« of the optical policy «111 

ba baaad upon a continued  application of auccateiva approxinations 

to tha  i/ataa in  (^.7),   it  is aaaantial  to hava an axistanca and 

uniquanaaa  theoraa and   Information concerning  tha  convergence  of 

auecaasiva approxlaations. 

Tha aethod «a aaploy  IB aqua'ly applieabla to other functional 

aquations  in dynaalc prograaaing and axaaplaa «ay be found  in   [l] , 

W. W. [5]. w. 

Thaor— 1. Tha re la a uniqua aolution to ().7), -rf(«,n)|, which 

it unlfonxly bound ad b/ l/(i-a) for all ■ and n > 0. This solution 

aay ba obtained •• tha Halt as M -^ (» of the sequence ifk(»#ii)l# 

dafined recurrently by 
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(1)     f0(«,n)  - g(nfa) 

f^i^n)  - ^(f^),  k  - 0.1,2,..., «,n > 0, 

wh«re «€  set 

(2)     T^lf)  - «ax 1:       b(m,n)(l  4  *r{m+l,n)) ♦   (l-b(ii,n))   [ *T{*,n*i) ] 

Hi     B/(1-*) 

Her€ 4g(«,r)y   my he any  ggquence unifomly bounded  by  1/(1-«). 

Proof:     Let UB define 

(3)    u1(f.«,n)  - b{«#n)   [ 1 ♦ if(»*l,n) ]   ♦ a  [ l-b(«,n) ]   f(«,n4l) 

u1I(f,m,n)   •  V(l-a) 

Then  for each m,n >  0,  we have 

(*)     fW4l(«,n)  - uA(fk,a,n) 

where A  • 1 or II  and  the  choice  1P dependent upon «»n  and  f, . 

Siailarly 

( 

(5)     fk(«,n)  - uB(fk-1,«,n), 

where B may equal A. 

In any case, w<» nave, by virtue of the recurrence relation 

of (1), the Inequalities 

(6)  f^jl«,!-!) - uA(f(<,a,n) ^ uB(fK,«,n) 

fk(«,n)   - uB{fk_1,fii,n) > ^(^„i'■•n)- 

^ 
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H*nc« 

Th«s«  Inequalities yield 

[ |uT(r ,■,!») -uT(f.    ,,»,0)1, 
(8) If^J-.n)  - fk(«,n)i   ^Mmx  L      I    k I    ^ 

or,  using the analytic axpresaion for u. and u.., 

(9) |fk4l(«.n) - fk(«,ii)|  ^ ab(«,n)|fk(^l,n) - fk-1(^l,n)| 

♦ a(l-b(«,n))|fk(«,n4l) - fk^(«,n^l)| 

^ a Wax  [ |fk(»*l,n) - fk-1(^l,n)   | . 

|fk(«,n>l) - ^(«»n^l)   | ]. 

If we set 

(10) uk - Sup      |   fk(ai,n)  - ^(«.n)   |, 
■ ,n^0 

the  Inequality in  (9) yields 

«n> ük^l <ftuk- 

Fro« this It  follows  that the series 

9 
(12) S(«,n) - V" (rk4l(«,n) - fk(«,n)) 

fey 

oomrerces unifoivly in ■ and n for m,n>. ,  and that fk(afn)  -* f(ffl.n) 

as k  -> a> . 

{fk(-.njf It  is readily verified that i fk(B,n)V  ia uniformly bounded 
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by !/(!-•)   for O^B^I  If this holds  for/g(a,n)V   . 

To establish unlqutnees,   let /v(»t,n)V  b« another solution, 

unifonsly bounded by 1/1-a»  or any fixed quantity. 

Proceeding as  in  (4) — (9),   we obtain the  inequality 

(13)   |f(«.n)  - F(«,n)|  < a Wax  £ |f(»*l.n)  - F(s^l,n)|. 

|f(m,n>l) - F(m,n-fl)| ]. 

Setting 

(1%) u - Sup       |r(m,n)  - F(ra,n)i , 
«»n^O 

the  inequality  in   (13) yields 

(15) u ^ au, 

and consequently the result that  u - 0 or f{«,n)   - F(m,n). 

/5«    Stateaent  of Results 

Let us now state the results we  shall  prove  concerning the 

structure of the  solution of  (3.7),     observe that  it is the "policy", 

i.e.   the value  of  a  which dictates a  choice  of machine   I  or machine»   II 

which detenalnes  the solution. 

The ore« 2.     For each «,n^0,  there  is  a unique  quantity  B(ii,n)  with 

the property  that 

j        (1)     (a)     f(«,n)  - s/(l-a).   1  ^ a ^ 8(fB.n), 

(b) - b(«,n)[ 1  ♦  af(«iH.l.n) ]   ♦ a(l-b(iB,n) )f (a.n^l). 

- 
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0 ^ a <  B(«#n). 

Thg  a»qu»nc»  \a{m,n)>   has  th»  following propTtWe 

(2) •(»♦l,n) >  s(«#n) > •(■,rvfl), 

and thg »•qu»nc» lf{«,n)| alailarly eatiaflea the relationp 

(3) f(»*l.n) > f(«.n) > f(«,n>l) 

Analogoua r»sulta hold   for the caae of a  fInlt» nuaio^r of 

trials. 

The  proof which we  shall  present  In the  next  section  will  be 

baaed on the Method of successive approxloutIons. 

J6.     Proof of Theorei 2 

We shall approxlaate to the aolutlon of the original equation 

by «eens of the sequence ifk{m,n)| defined ss  follows 

(1) f0(«#n) - PUx [ b(«,n),  a/(l-s) ], 

fk4l(»#n) - T^n^ic)» k • 0.1,2,..., m,n ^ 0. 

We wish to (rove the fallowing stateaenta 

(2) (•)    rM{m,n) > fk(«,n) 

(b)    for all lc > 0,  there  la a  sequence Js   («»n)^ with the 

property that 

(1) for s ^ sk(»,n),   fk)fi("»n) - «/(l-s). 

(2) for s ^ sk(«,n)/   rk4,iim»n) m Ujt^,«^). 
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L#t  us now  b*glr  th*  Induction.     We  have 

(7)   ^(..n) •rm)(r0). 

Sine«  !»,(»,n)   Is  leteralned  by the •Quality of the  two 

expresfllona In T     (r„),   It  !• clear that 
an    ü 

(8) »^«»n) > •0(«,n). 

Let,  us now deoionftrate  the essential   result that 

(9) e1(»4l,n) >  ^(si.n) > s^a.n^l) 

Consider the equstlon  for s,(»,n).     We  have,  with  s  • a*{m,T\), 

(1C,  T4X - *>(m,r.)  ♦ ab(«fn)f0{^l#n)  ♦ a( l-b(«,n))f0(«,n*l). 

However,   blnce 

(11)   s1(»,n)  > s0(»,n)  >   s0(ii,Tv>A), 

we  have  for this value  of  s 

(12)   f0(«.n4l)  -  s/(l^i) 

Hence   (10)   reduce   to 

(13) T^ " M""^)  ♦ ab(»#n)fn(^l.n)  ♦  s(l-b(B.n))s/(l^aK 

which yields 

(14)     s (!-•)&(•.r,)U   ♦  af0(^i,n)) 

1-a  ♦  sb(«#n) 

Since x/(l-a ♦ SJI) lr «onotone Incresslng x for x > 0, It follows 

that 
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